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TAUTOLOGICAL ALGEBRA OF THE MODULI SPACE OF
SEMISTABLE BUNDLES OF RANK 2 ON A GENERAL CURVE
CHANDRANANDAN GANGOPADHYAY, JAYA NN IYER, AND ARIJIT MUKHERJEE
Abstract. Our aim in this paper is to determine the tautological algebra generated by
the cohomology classes of the Brill Noether loci in the rational cohomology of the moduli
space MC(2, d) of semistable bundles of rank 2 and degree d. When C is a general smooth
projective curve of genus g ≥ 2, d = 2g− 2, the tautological algebra ofMC(2, 2g− 2) (resp.
SUC(2, L), deg(L) = 2g − 2)) is generated by the divisor classes (resp. the Theta divisor
Θ).
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1. Introduction
Suppose C is a complex smooth projective curve of genus g. The Jacobian variety Jd(C)
parametrises isomorphism classes of degree d line bundles on C. The classical Brill-Noether
subvarieties W rd of Jd(C) parametrise line bundles with at least r + 1 linearly independent
sections. The questions on non-emptiness, dimension, and irreducibility of the loci have
attracted lot of attention. In other direction, the classical Poincare´ relations expresses the
cohomological classes of W 0i , in terms of the Theta divisor on J(C):
[W 0i ] =
1
(g − i)!
[Θ]g−i ∈ H∗(J(C),Q).
Here we identify Jd(C) ∼= J0(C) = J(C), see [ACGH, Ch 1, §5; p. 25].
A similar formula, the Castelnuova formula, holds amongst the cohomology classes ofW rd ,
for varying r in Jd(C), for a general smooth curve C (see Theorem 5.5) :
[W rd ] =
r∏
α=0
α!
(g − d+ r + α)!
.Θg−ρd . (1)
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Here ρ = dim(W rd ).
The moduli space MC(r, d) of semistable vector bundles of rank r and degree d has been
widely studied. The Brill-Noether loci have been similarly defined and investigated, (see
[Bg], [Br-Gr-Ne], [Me1], [Me2], [Su]. More recent developments on non-emptiness of the
Brill-Noether loci can be found in [La-Ne-St], [La-Ne-Pr], [La-Ne], [La-Ne], [La-Ne].
Some questions on the cohomology classes have been raised by N. Sundaram in [Su, p.
176]. As pointed out by P. Newstead, the cohomology classes can be worked out in all cases
in terms of the known generators of the cohomology of moduli space, but it is difficult in
general to determine whether a polynomial in the generators gives a non-zero cohomology
class. Even in rank 2, where the generators for the relations are well known, this is difficult.
Our aim in this paper is to obtain a Poincare´ type relation amongst the cohomological
classes of the Brill Noether loci, when the curve C is general. As a first step, in [Mk], when
g = 1 the relations were found to be similar to the Poincare´ relations.
In this paper, we consider rank two situation, and when the degree d = 2g − 2.
Since the moduli spaces MC(2, 2g − 2) and SUC(2,L) are singular varieties, the co-
homology class of a codimension i Brill-Noether loci is well-defined in the graded piece
grW2iH
2i(MC(2, 2g−2),Q) (resp. grW2iH
2i(SUC(2,L),Q)), for the weight filtrationW on the
rational cohomology. (See [Bl-Gi-Sl], §4.3, for details).
We show the following:
Theorem 1.1. Suppose C is a general smooth projective curve of genus g, and g ≥ 2. The
cohomology class of a Brill Noether loci on the moduli spaceMC(2, 2(g−1)) can be expressed
as a polynomial on the divisor classes.
See Theorem 7.7.
Similarly, consider the moduli space SUC(2,L) of semistable bundles of rank r and fixed
determinant L of degree 2g − 2 on C. Then we have
Corollary 1.2. 1) The cohomology class of a Brill-Noether loci W r,L2,2(g−1) in the moduli space
SUC(2,L) is expressible in terms of a power of the Theta divisor, with rational coefficients.
2) If the Brill-Noether number is non-negative, then the cohomology classes are non-trivial
and imply the non-emptiness of the corresponding loci.
See Corollary 7.8.
The key idea is to relate the Brill-Noether loci on the moduli space with the Brill-Noether
loci on the Jacobian variety of a general spectral curve. We utilise the rational map obtained
in [BNR] from the Jacobian of a general spectral curve to the moduli spaceMC(2, 2(g−1)).
Another ingredient is to note that the Hodge conjecture holds for the Jacobian of the spectral
curve, via the computation of the Mumford-Tate group (see [Bi]).
It is likely that the Hodge conjecture holds for Jacobian of a higher degree general spectral
curve (see [Ar], for unramified coverings). The proofs employed in Theorem 1.1 will then also
hold for higher rank moduli spaces. The proofs raise further questions whether a Castelnuova
type formula holds on the moduli space, for a general curve C.
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2. Notations
All the varieties are defined over the complex numbers.
1) MC(r, d) denotes the moduli space of strong equivalence classes of semistable bundles of
rank r and degree d over C.
2) SUC(r,L) denotes the moduli space of strong equivalence classes of semistable bundles of
rank r and fixed determinant L of degree d over C.
3) J(C) is the Jacobian variety of isomorphism classes of line bundles of degree 0 over C.
4) Jd(C) is the isomorphism classes of line bundles of degree d over C.
5) O(D) denotes the line bundle corresponding to a divisor D on C.
6) Given a closed subvariety W ⊂ X , [W ] denotes the cohomology class in the integral or
rational cohomology group of X .
3. Spectral curves and Moduli Spaces
In this section we recall the construction of spectral curve from [BNR] which will be needed
in this paper.
3.1. Spectral curve. Let C be a smooth projective curve of genus g ≥ 2 defined over
complex numbers. Let L be a line bundle on C and s = (sk) be sections of L
k for k =
1, 2, · · · , n. Let π : P(O⊕L∗)→ C be the natural projection map and O(1) be the relatively
ample bundle. Then π∗(O(1)) is naturally isomorphic to O⊕L
∗ and therefore has a canonical
section. This provides a section of O(1) denoted by y. By projection formula we have:
π∗(π
∗L⊗O(1)) ∼= L⊗ π∗(O(1)) ∼= L⊗ (O ⊕ L
∗) = L⊕O.
Therefore π∗(π
∗L ⊗ O(1)) also has a canonical section and we denote the corresponding
section of π∗L⊗O(1) by x. Consider the section
xn + (π∗s1)yx
n−1 + · · ·+ (π∗sn)y
n (2)
of π∗Ln ⊗ O(n). Zero scheme of this section is a subscheme of P(O ⊕ L∗) and is called
spectral curve of the given curve C and is denoted by C˜s or C˜ in short. Let π : C˜ → C
be the restriction of the natural projection π : P(O ⊕ L∗) → C. It can be checked that
π : C˜ → C is finite and its fibre over any point c ∈ C is a subscheme of P1 given by
xn + a1yx
n−1 + · · ·+ any
n = 0
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where (x, y) is a homogeneous co-ordinate system and ai is the value of si at c.
Let g˜ be the genus of C˜. As π∗(O) ∼= O⊕L
−1⊕· · ·⊕L−(n−1), we have the following relation
between genus g˜ of the spectral curve C˜ and genus g of C using Riemann-Roch theorem.
1− g˜ = χ(C˜,O) = χ(C, π∗(O)) =
n−1∑
i=0
χ(C,L−i) = −(degL) ·
n(n− 1)
2
+ n(1− g).
Hence we have:
g˜ = (degL) ·
n(n− 1)
2
+ n(g − 1) + 1. (3)
From now onwards we will take the line bundle L to be the canonical line bundle KC . Then
from (3) the genus g˜ of the corresponding spectral curve C˜ is given by:
g˜ = n2(g − 1) + 1 = dim MC(n, d). (4)
3.2. Spectral curve and moduli space of semistable bundles. Here we relate the
spectral curve C˜ with the moduli space of semistable bundles of fixed rank and degree over
C. Consider the following theorem.
Theorem 3.1. Let C be any curve and L any line bundle on C. Let (s) = ((si)) ∈ Γ(L)⊕
Γ(L2) ⊕ · · · ⊕ Γ(Ln) be so chosen such that the corresponding spectral curve C˜s is integral,
smooth and non-empty. Then there is a bijective correspondence between isomorphism classes
of line bundles on C˜s and isomorphism classes of pairs (E, φ) where E is a vector bundle of
rank n and φ : E → L⊗ E a homomorphism with characteristic coefficients si.
Proof. See [BNR, Proposition 3.6, Remark 3.1,3.5 and 3.8; p. 172-174]. 
Let n be any positive integer. Then following the construction of spectral curve, by
Theorem 3.1 we get a smooth, irreducible curve C˜ and an n-sheeted branched covering
π : C˜ → C such that a general E ∈ MC(n, d) is the direct image π∗l of a l ∈ Jδ(C˜). The
relation between δ and d can be calculated as follows (See [Bg-Tu, p. 332]). By the Leray
spectral sequence we have:
H i(C˜, l) = H i(C, π∗l) (5)
for all i. Hence we have:
χ(C˜, l) = χ(C, π∗l) = χ(C,E).
So by Riemann-Roch theorem we get,
χ(C˜, l) = χ(C,E)
⇒ δ − (g˜ − 1) = d− n(g − 1)
⇒ δ = d+ (g˜ − 1)− n(g − 1).
Therefore by (4) we get the following relation between δ(= deg l) and d(= degE).
δ = d+ (n2 − n)(g − 1). (6)
As direct image of a line bundle is not necessarily semistable, the map
π∗ : Jδ(C˜) 99KMC(n, d)
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is only a rational map. Let us denote by Jss the semistable locus of Jδ(C˜) defined as:
Jss := {l ∈ Jδ(C˜) | π∗l ∈MC(n, d)}.
Then Jss is a Zariski open subset of Jδ(C˜) and the map
π∗ : J
ss →MC(n, d) (7)
is a regular dominant map. See [BNR, Theorem 1; p. 169]. Moreover, the following theorem
shows that the map π∗ is a finite map.
Theorem 3.2. The map π∗ : J
ss →MC(n, d) is of degree 2
3g−3 · 35g−5 · · ·n(2n−1)(g−1).
Proof. See [BNR, Remark 5.4; p. 177]. 
4. Jacobian of a spectral curve and cycle class maps
In this section we consider the moduli space MC(2, d). For a general E ∈ MC(2, d) we
get a spectral curve π : C˜ → C where the map π is a 2-sheeted branched covering. Let n be
the number of branch points. Then by Riemann-Hurwitz formula we get:
g˜ =
n
2
+ 2g − 1. (8)
Also we have from (4):
g˜ = 4g − 3. (9)
Therefore from (8) and (9) we get,
n = 4g − 4 6= 0 as g ≥ 2
that is, π : C˜ → C is ramified with 4g− 4 branch points. Now we have the following lemma.
Lemma 4.1. The map π∗ : J(C)→ J(C˜) is injective.
Proof. See [Mum, Lemma; p. 332]. 
Consider the following Norm map, denoted by Nm(π), associated to the map π : C˜ → C.
Nm(π) : J(C˜)→ J(C)
m∑
i=1
nix˜i 7→
m∑
i=1
niπ(x˜i).
Identity component of Ker(Nm(π)) is defined to be the Prym variety associated to the
covering π : C˜ → C. But in our context the definition of Prym variety can be further
improved. For that consider the follwing Lemma.
Lemma 4.2. The following conditions are equivalent.
(1) The map π∗ : J(C)→ J(C˜) is injective.
(2) Ker(Nm(π)) is connected.
Proof. See [Ka, Lemma 1.1; p. 337]. 
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So by Lemma 4.1 and 4.2, Prym variety associated to the covering π : C˜ → C is nothing
but Ker(Nm(π)). Moreover we have, J(C˜) ∼= J(C) + P , where P is the Prym variety
associated to the covering π : C˜ → C. But this sum is not a direct sum as cardinality of
J(C) ∩ P is a non-zero finite number. Let H be the kernel of the map
J(C)× P → J(C˜) ∼= J(C) + P
(x, y) 7→ x+ y.
Then we have:
Theorem 4.3.
J(C˜) ∼=
J(C)⊕ P
H
where P is a Prym variety and H is a finite group. In other words, there exists an isogeny
from J(C)× P to J(C˜).
Proof. See [Mum, Corollary 1; p. 332]. 
4.1. The Hodge (p,p)-conjecture. Let X be a smooth projective variety over complex
numbers. Let Z p(X) be the free abelian group generated by the irreducible subvarieties of
codimension p in X . The elements of Z p(X) are called algebraic cycles of codimension p.
Let CHp(X) be the pth graded piece of the Chow ring CH∗(X). Here CHp(X) is defined
as
CHp(X) := Z p(X)/ ∼
”∼” being the rational equivalence in the sense of [Fu, Chapter 1; p. 6]. Consider the cycle
class map defined as follows.
cl : CHp(X)→ H2p(X,Z)
Z 7→ [Z]
(10)
where Z is an irreducible subvariety of codimension p in X and extend it linearly to the whole
of CHp(X). Let CH∗(X)⊗Q be denoted by CH∗(X)Q and jQ : H2p(X,Q)→ H2p(X,C) be
the natural map. Then the subspace of Hodge classes of H2p(X,Q), denoted by H2pHodge(X),
is defined as:
H2pHodge(X) := H
2p(X,Q) ∩ j−1Q (H
p,p(X)). (11)
Consider the cycle class map cl : CHp(X)Q → H
2p(X,Q) defined similarly as in (10). The
image of this map is denoted by H2p(X,Q)alg and the elements in H2p(X,Q)alg are called
rational algebraic classes. The Hodge (p,p)- conjecture asserts the following:
Hodge conjecture:
H2p(X,Q)alg = H
2p
Hodge(X)
that is, any rational algebraic class is a Hodge class and vice versa.
Remark 4.4. Hodge (p, p)-conjecture is trivially true for p = 0. For p = 1, see [L].
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4.2. The Hodge conjecture for a general Jacobian. Let X be an abelian variety. The
subring of H2∗Hodge(X) generated by H
0
Hodge(X) and H
2
Hodge(X) is denoted by D
∗(X). The
cycle classes in D∗(X) are all algebraic by Remark 4.4. Let Dp(X) be the pth graded piece
of D∗(X). In particular, the Hodge (p, p)-conjecture is true if
Dp(X) = H2pHodge(X).
Mattuck([Ma]) proved that Hodge conjecture is true for a general polarised abelian variety.
Tate proved the Hodge conjecture for self product of an elliptic curve, see [Ta] and [Gro,
§3] and Murasaki did some explicit computations for the same, see [Mur]. Then using
degeneration technique one can prove that Hodge conjecture holds for a general polarised
Jacobian variety with theta divisor Θ as a polarisation.
Theorem 4.5. For a general polarised Jacobian (J(C),Θ) of dimension g
H2pHodge(J(C)) = D
p(J(C)) ∼= Q
for all p = 0, · · · , g.
Proof. See [La-Bir, Theorem 17.5.1; p. 561]. 
4.3. Cycle class map on singular varieties. Let X be any scheme of finite type over C.
Fulton [Fu, Chapter 17, §17.3] defined operational Chow groups A∗(X) for any scheme X .
These are the same as Chow groups when X is smooth.
An element of the operational Chow group Ap(X) is a collection of homomorphisms
Ak(X
′) → Ak−p(X
′), for all X ′ → X , compatible with proper pushforward, flat pullback
and intersections.
1) There is a product, such that A∗(X) = ⊕pA
p(X) is an associative, graded ring with 1.
2) For any f : Y → X , the pullback
f ∗ : Ap(X)→ Ap(Y )
is a ring homomorphism. This is functorial in f .
3) There is a projection formula:
f∗(f
∗β ∩ α) = β ∩ f∗(α).
4) Chern classes of vector bundles are defined in this theory.
5) Bloch, Gille, and Soule´ [Bl-Gi-Sl] defined cycle class maps on the rational operational
Chow group of X :
Ai(X)Q → gr
W
2iH
2i(X,Q). (12)
(See also [To, §8, p.22 ]).
Here grW2i denotes the (2i)-th graded piece for the weight filtration W. on the rational
cohomology group H2i(X,Q) [De]. This is a quotient of the rational cohomology group,
since the weights are ≤ 2i.
In particular, if Y is a smooth projective variety and f : Y → X is a generically finite
morphism, then there are pushforward and pullback maps:
f∗ : CH
p(Y )→ Ap(X), f ∗ : Ap(X)→ CHp(Y ).
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Lemma 4.6. Consider a smooth projective variety Y , and f : Y → X is generically finite.
There is a commutative diagram:
Ap(X)Q
f∗
→ CHp(Y )Q
↓ cl ↓ cl
grW2pH
2p(X,Q)
f∗
coh→ H2p(Y,Q).
Furthermore, f ∗coh is injective.
Proof. The second assertion on injectivity of f ∗coh follows from [Pe, Chapter 5, Corollary
5.42]. Suppose W ⊂ Y is a codimension p closed subvariety. By definition, [W ] corresponds
to a class in Ap(X) and f ∗[W ] ∈ CHp(Y ) is the same as the class [W ]. The commutativity
follows from the functoriality of the cycle class maps.

We will utilise this map to define the cohomology classes of the Brill-Noether loci on the
singular moduli space MC(2, 2g− 2), in the graded pieces of its singular cohomology group.
5. Tautological algebra generated by the Brill-Noether loci on Jd(C)
In this section, we investigate the cohomology algebra generated by Brill-Noether subva-
rieties of J(C) and Jd(C). This problem is motivated by the classical Poincare´ formula on
J(C).
5.1. Brill-Noether loci on J(C). Let us fix a point P ∈ C. Consider the classical Abel-
Jacobi map u : Sd(C) −→ J(C), where u = ⊗O(−dP ) ◦ φd and φd : S
d(C) → Jd(C),
⊗O(−dP ) : Jd(C)→ J(C) defined as follows.
Sd(C)
φd
// Jd(C)
⊗O(−dP )
// J(C)
x1 + x2 + · · ·+ xd
✤ // O(x1 + x2 + · · ·+ xd)
✤ // O(x1 + x2 + · · ·+ xd)⊗O(−dP ).
Now define W 0d , for all d, 1 ≤ d ≤ g, called Brill-Noether subvarieties of J(C), as follows:
W 0d := u(S
d(C)).
Let Θ := u(Sg−1(C)). The classical Poincare´ relations determine the relations between the
cohomological classes of W 0i on J(C):
[W 0i ] =
1
(g − i)!
[Θ]g−i ∈ H∗(J(C),Q).
See [ACGH, Ch 1, §5, p. 25].
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5.2. Brill-Noether loci in Jd(C). For a fixed d, we recall the Brill Noether loci W
r
d , which
are defined to be certain natural closed subschemes of Jd(C) and discuss some of its properties
relevant to us.
Definition 5.1. As a set, for r ≥ 0, we define
W rd := {L ∈ Jd(C) : h
0(L) ≥ r + 1} ⊆ Jd(C).
It is clear from semicontinuity theorem [H, Theorem 12.8 ; p. 288] that W rd is closed.
In fact, W rd has a natural scheme structure as determinantal loci ([ACGH, §4, Chapter II;
p. 83]) of certain morphisms of vector bundles over Jd(C). We define these morphisms as
follows:
Let us fix a Poincare´ bundle L over C × Jd(C). Let E be an effective divisor on C with
deg E = m ≥ 2g − d− 1.
Let Γ := E × Jd(C). Then, over C × Jd(C) we have the exact sequence:
0→ L→ L(Γ)→ L(Γ)|Γ → 0. (13)
Let v be the projection from C × Jd(C) → Jd(C). Now, applying the functor v∗ to the
morphism L(Γ)→ L(Γ)|Γ as in (13), we get a morphism
γ := v∗(L(Γ))→ v∗(L(Γ)|Γ).
Note that, by the choice of the degree of E and Grauert’s theorem [H, Corollary. 12.9,
p. 288], we get that both v∗(L(Γ)) and v∗(L(Γ)|Γ) are vector bundles of rank d+m− g + 1
and m respectively.
Definition 5.2. The Brill-Noether lociW rd is defined to the (m+d−g−r)-th determinantal
loci associated to the morphism γ.
To see that Definition 5.2 indeed agrees with Definition 5.1, in the sense that the set
theoretic support of 5.2 is exactly 5.1, we refer to [ACGH, Lemma 3.1; p. 178].
From general properties of determinantal loci, we have the following lemma:
Lemma 5.3. [ACGH, Lemma 3.3; p. 181] Suppose r ≥ d − g. Then every component of
W rd has dimension greater or equal to the Brill-Noether number
ρ := g − (r + 1)(g − d+ r).
Remark 5.4. Note that if r ≤ d − g − 1, then by Riemann-Roch theorem W rd = Jd(C). So,
from here onwards, we will assume that r ≥ d− g.
In general, the above inequality can be strict [ACGH, Theorem 5.1; p. 191]. Even, in the
case when equality holds, W rd can have more than one components [ACGH, Chapter V; p.
208].
We recall the following theorem due to Griffith and Harris.
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Theorem 5.5. a) For any smooth projective curve C of genus g
dim(W rd ) ≥ ρ.
b) For a general curve C
dim(W rd ) = ρ.
Furthermore,
[W rd ] =
r∏
α=0
α!
(g − d+ r + α)!
.θg−ρd .
Proof. See [Gr-Ha2, Main Theorem; p. 235]. 
The above formula is called the Castelnuova formula. Regarding the irreducibility, we
have:
Theorem 5.6. If C is general and ρ > 0, then W rd is irreducible.
Proof. See [Fu-La, Corollary 2.4; p. 280]. 
Now, recall that in the case when C is general, by Theorem 4.5 we have that the Ne´ron
Severi group of Jd(C) is generated by a translate of the Θ divisor in J0(C). We denote this
class as θd. In particular, this implies that the class of W
r
d can be written in terms of powers
of θd.
5.3. Tautological algebra generated by the Brill-Noether loci in J(C˜). In this sec-
tion we investigate the subalgebra of H∗(J(C˜),Q) generated by the Brill-noether loci on
J(C˜). Towards this, we consider the case when we have a ramified double cover π : C˜ → C.
Let Rrg denote the moduli space of ramified two sheeted covering of a connected smooth
projective curves of genus g with fixed ramification r. Then we have the following theorem.
Theorem 5.7. The Ne´ron-Severi group of the Jacobian of a general element of Rrg is gener-
ated by two elements; the two elements are obtained from the decomposition (up to isogeny)
of the Jacobian of a covering curve (see Theorem 4.3). Furthermore, the Ne´ron-Severi group
generates the algebra of Hodge cycles (of positive degree) on the Jacobian of the general
double cover.
Proof. See [Bi, Corollary 5.3; p. 634]. 
Note that even if C is general, C˜ may not be general. However, in our situation, we will
check that the above theorem still holds.
Theorem 5.8. The cohomology class of a Brill -Noether loci on a Jacobian J(C˜) of a general
2-sheeted spectral curve π : C˜ → C can be expressed as a sum of powers of divisor classes.
In particular the tautological algebra is generated by the divisor classes.
Proof. We only need to check that Theorem 5.7 can be applied to the Jacobian of a general
spectral curve. Fix a degree d > 0. Denote Sg,s the moduli space of tuples
{(C,L, s = (s0, s1)},
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where C is a curve of genus g, L is a line bundle on C of degree d, and s0 ∈ H
0(C,L), s1 ∈
H0(C,L2). This moduli space can be interpreted as the moduli space of spectral curves, as
in §3. There is a dominant rational map (on the component where (s0 = 0))
S0g,s →R
r
g →Mg.
Here r is the ramification type corresponding to a general section s equivalently the zeroes
of the equation (2) (see also [BCV], for a similar moduli space). The maps are given by
(C,L, s) 7→ (C,L,B(s)) 7→ C
where B is the branch divisor of the spectral curve C˜s → C, such that L
2 = O(B). Since
J(C˜s) depends only the ramification type B and L, Theorem 5.7 can be applied to the
Jacobian of a general spectral curve.

6. Brill Noether loci on MC(n, d)
To define the Brill-Noether loci for MC(n, d), we start with a more general setup. Let
S be an algebraic scheme over C. Let E be a vector bundle over C × S such that ∀s ∈ S,
Es := E|C×s is a vector bundle of rank n and degree d over C.
Just as in 5.1, we have the following definition of Brill Noether loci as a closed set.
Definition 6.1. We define Brill Noether loci W rS,E associated to pair (S, E) to be the set
W rS,E := {s ∈ S|h
0(C, Es) ≥ r + 1}.
By [Hu-Ln, Lemma 1.7.6; p. 28], since the family E is a bounded family, we can choose a
divisor D in C of sufficiently high degree such that H1(C, Es(D)) = 0 ∀s ∈ S. For notational
convenience, we continue to denote the pullback of D to C × S by D. Then, over C × S we
have the exact sequence:
0→ E → E(D)→ E(D)|D → 0.
Let v : C × S → S be the projection.
Then, we have the morphism
f : v∗(E(D))→ v∗(E(D)|D).
Now for any s ∈ S we have h1(C, E(D)s) = h
1(C, Es(D)) = 0. By Riemann-Roch theorem
we get
h0(C, E(D)s) =d+ n deg D + n(1− g)
h0(C, (E(D)|D)s) = deg D.
Hence, by [H, Theorem 12.11; p. 290], we get that both v∗(E(D)) and v∗(E(D)|D) are vector
bundles and for any s ∈ S, we have isomorphisms:
v∗(E(D))|s
∼=
−→H0(C, E|C×s(D))
v∗(E(D)|D)|s
∼=
−→H0(C, E|C×s(D)|D)
(14)
Using Riemann-Roch theorem, we get that
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rank v∗(E(D)) =d+ n deg D + n(1− g)
rank v∗(E(D)|D) =n deg D.
Definition 6.2. We define W rS,E to be the d+n deg D+n(1− g)− (r+1)-th determinantal
loci associated to the morphism f .
Remark 6.3. To see that the set-theoretic support of 6.2 is indeed 6.1, note that we have the
following commutative diagram:
v∗(E(D))|s v∗(E(D)|D)|s
0 H0(C, Es) H
0(C, Es(D)) H
0(C, Es(D)|D)
f |s
∼= ∼=
Hence,
rank f |s ≤ d+ n deg D + n(1− g)− (r + 1)⇐⇒ H
0(C, Es) ≥ r + 1.
From this, it follows that definition 6.2 agrees with definition 6.1.
Lemma 6.4. If W rS,E 6= ∅, then, codimension of each component of W
r
S,E ≤ (r + 1)(r + 1 −
d+ n(g − 1)).
Proof. This follows from [ACGH, §4, Chapter II; p. 83]. 
Lemma 6.5. Let S1, S2 be two algebraic schemes over C and let E be a bundle on C×S2 such
that ∀s ∈ S2, Es is a vector bundle of rank n and degree d. If g : S1 → S2 be a morphism,
then
g−1W rS2,E = W
r
S1,(idC×g)∗E
.
Proof. Let v1 : C × S1 → S1 and v2 : C × S2 → S2 be the projections. Let G := idC × g :
C × S1 → C × S2. Then we have the following commutative diagram:
C × S1 C × S2
S1 S2
G
v1 v2
g
This induces the following commutative diagram:
g∗(v2)∗(E(D)) g
∗(v2)∗(E(D)|D)
(v1)∗G
∗(E(D)) (v1)∗G
∗(E(D)|D)
By (14), we get that the vertical arrows in the above diagram are isomorphisms.
Now, the lemma follows from general properties of determinantal loci. 
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Now suppose C˜ be a smooth projective curve of genus g˜ and π : C˜ → C be a finite
morphism. Let E be a vector bundle over C˜ × S such that Es is of rank n and degree d
∀s ∈ S. Since the map π × id : C˜ × S → C × S is a finite flat morphism, we get that
(π × id)∗E is a vector bundle over C × S and in fact,
((π × id)∗E)s = π∗(Es) ∀s ∈ S.
We will denote this bundle (π × id)∗E by E
′. Note that rank of E ′ is
n′ := n(deg π), ∀s ∈ S
and degree of E ′s is
d′ := d+ n(1− g˜)− n(deg π)(1− g).
Then we have the following lemma:
Lemma 6.6. W rS,E = W
r
S,E ′
Proof. We have the commutative diagram:
C˜ × S C × S
S
pi×id
v˜
v
Fix D a divisor on C such that h1(E ′s(D)) = 0 ∀s ∈ S. Then
h1(C˜, Es(π
∗D)) = h1(C, π∗(Es(π
∗D))) = h1(C, E ′s(D)) = 0
Therefore we can use the divisor π∗D for the construction of W rS,E .
Let us denote the morphism
f : E(π∗D)→ (E(π∗D))|pi∗D.
Then W rS,E is defined to be the
d+ n deg π∗D + n(1 − g˜)− (r + 1)
determinantal loci of the morphism v˜∗f . Now v˜ = v ◦ (π × id). It follows from projection
formula that (π × id)∗f is nothing but the morphism
E ′(D)→ E ′(D)|D
and therefore, W rS,E ′ is the d
′ + n′ deg D + n′(1 − g) − (r + 1)-th determinantal loci of
v∗(π × id)∗f = v˜∗f . It can be checked easily that
d′ + n′ deg D + n′(1− g)− (r + 1) = d+ n deg π∗D + n(1− g˜)− (r + 1).

Next, we will define Brill-Noether Loci for MC(n, d). Note that if (n, d) = 1, we have
a universal bundle over C ×MC(n, d) and hence, we can apply the previous construction
to get the notion of Brill-Noether loci in this case. However, in general we don’t have a
universal bundle.
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Recall thatMC(n, d) was constructed as a good quotient of certain Quot Schemes [Hu-Ln,
§4.3; p. 88]. We recall the definition of this Quot Scheme. Fix a line bundle O(1) of degree
1 over C. Choose an m >> 0 such that any semistable vector bundle E over C of rank n
and degree d is m-regular.
In particular, we have that
(1) h1(C,E(m)) = 0
(2) h0(C,E(m)) = d+mn + n(1− g) =: N
(3) The natural map H0(C,E(m))⊗O → E(m) is surjective.
Now, define Q to be the Quot Scheme parametrizing quotients of ON of rank n and degree
d+mn. Let
ONC×Q → F
be the universal quotient.
Note that the group scheme GL(N) acts on Q in the following manner:
Let T be an algebraic scheme over C.
Let g ∈ GL(N)(T ) be an automorphism ONC×T
g
−→ ONC×T . Let [O
N
C×T → FT ] ∈ Q(T ).
Then, define
g.[ONC×T → FT ] := [O
N
C×T
g
−→ ONC×T → FT ]
It is clear that this action in fact factors through an action of the group scheme PGL(N).
Let R ⊆ Q be the open subset such that ∀x ∈ R, F|C×x is a semistable bundle and
H0(C,ON) → H0(C,F|C×x) is an isomorphism. It is immediate that R is PGL(N)-
equivariant. Then, we define
MC(n, d) := R//PGL(N).
and we have the quotient map
µ : R →MC(n, d).
Let us denote F|C×R by F
′. Then, over C ×R, F ′(−m) is a vector bundle satisfying (A).
Hence, we have the closed subscheme W rR,F ′(−m) ⊆ R.
Next, we will show that W rR,F ′(−m) is GL(N)-equivariant (and consequently, PGL(N)-
equivariant).
Let q : T →W rR,F ′(−m) be a T -valued point ofW
r
R,F ′(−m). Let O
N
C×T → FT be the pullback
of the universal quotient under q.
By Lemma 6.5, we get that W rT,FT (−m) = q
−1W rR,F ′(−m) = T .
Let g ∈ GL(N)(T ). Then, by definition, the quotient corresponding to g.q : T → R is
given by
ONC×T
g
−→ ONC×T → FT .
Again, by Lemma 6.5,
(g.q)−1W rR,F ′(−m) =W
r
T,FT (−m)
= T.
In other words, we get that g.q : T →R factors through W rR,F ′(−m).
Hence, the closed subscheme W rR,F ′(−m) is GL(N)-equivariant.
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Definition 6.7. We define Brill Noether loci W˜ rn,d(C) to be the scheme theoretic image of
W rR,F ′(−m) under the morphism µ.
Notation 6.8. We will denote W˜ rn,d(C) by W˜
r
n,d when there is no chance of confusion.
Remark 6.9. Note that since the morphism
µ : R →MC(n, d)
is a good quotient and W rR,F ′(−m) is PGL(N)-equivariant, we get that µ(W
r
R,F ′(−m)) is a
closed subset of MC(n, d). Hence, as sets W˜ rn,d = µ(W
r
R,F ′(−m)). In other words, we get
W˜ rn,d = {e ∈MC(n, d) | ∃E ∈ e such that h
0(C,E) ≥ r + 1}. (15)
Let us denote by MsC(n, d) the moduli space of stable bundles on C of rank n and degree
d. Recall that MsC(n, d) is an open subset of MC(n, d).
Definition 6.10. We define Brill Noether loci W rn,d ofM
s
C(n, d) to be the closed subscheme
W rn,d := W˜
r
n,d ∩M
s
C(n, d) ⊂ M
s
C(n, d).
Remark 6.11. Let Rs ⊆ R be the set of all x ∈ R such that F ′|C×x is stable. Let F
′′ :=
F ′|C×Rs. Let µs : R
s →MsC(n, d) be the restriction of µ to R
s. Then, W rn,d is the scheme-
theoretic image of W rRs,F ′′(−m) under the map µs.
Now, using the fact that µs : R
s → MsC(n, d) is a principal PGL(N)-bundle [Hu-Ln,
Corollary 4.3.5; p. 91], and Lemma 6.4 we have that
Lemma 6.12. If W rn,d 6= ∅, then dimension of each component of W
r
n,d is at least
n2(g − 1) + 1− (r + 1)(r + 1− d+ n(g − 1)).
Definition 6.13. We define
ρrn,d := n
2(g − 1) + 1− (r + 1)(r + 1− d+ n(g − 1))
to be the expected dimension of W rn,d.
Remark 6.14. The above lemma is not true in the case of W˜ rn,d. It may have components
whose dimensions are less than ρrn,d. See [Br-Gr-Ne, §7] for example.
Lemma 6.15. Let S be an algebraic scheme and E be a vector bundle over C × S such that
∀ s ∈ S, Es is stable of rank n and degree d. If f : S → M
s
C(n, d) is the induced map, then
f−1W rn,d =W
r
S,E .
Proof. First we show that the statement is true in the case when S = Rs and E = F ′′(−m).
As we saw earlier, W rRs,F ′′(−m) is a PGL(N)-equivariant subscheme and since R
s →MsC(n, d)
is a principal PGL(N)-bundle, W rRs,F ′′(−m) descends to a closed subscheme Z in M
s
C(n, d),
i.e.
µ−1s Z =W
r
Rs,F ′′(−m).
16 C. GANGOPADHYAY, J. N. IYER, AND A. MUKHERJEE
Since W rn,d = µs(W
r
Rs,F ′′(−m)), it is clear that Z = W
r
n,d. Hence
µ−1s W
r
n,d = W
r
R,F ′′(−m).
Now let (S, E) be as in the hypothesis. Since F ′′(−m) is a locally universal family, for any
x ∈ S ∃ Ux ⊂ R which is open and a map g : Ux → R
s such that
(id× g)∗F ′′(−m) = E|C×Ux.
By Lemma 6.5 we have
g−1W rR,F ′′(−m) =W
r
S,E ∩ Ux.
Since µs ◦ g = f |Ux, we have
(f |Ux)
−1W rn,d =W
r
S,E ∩ Ux.
The lemma now follows from this. 
Now we are going to recall a few properties like non-emptiness and irreducibility of Brill-
Noether loci in the moduli spaces MsC(n, d) and MC(n, d). These properties are quite
different in higher rank cases in comparison with rank one case, as we’ll see below.
Let us now fix different notations of Brill-Noether subvarieties in different spaces to avoid
confusion as we deal with all the spaces together after some point. For a given scheme and
for a given sheaf E over C × S, we denote the Brill-Noether loci by W rS,E as in Definition
6.1 or in Definition 6.2. We also denote this by W rS when the sheaf involved is clear from
the context. In MC(n, d) the Brill-Noether loci is denoted by W˜ rn,d as in (15). The same is
denoted by W rn,d in M
s
C(n, d) as in Definition 6.10. Inside Jd(C), that is inside MC(1, d),
the Brill-Noether loci W r1,d is denoted by W
r
d as in Definition 5.1 or in Definition 5.2. Inside
Jd(C˜) the same is denoted by W
r
d (C˜).
6.1. Brill-Noether Loci in rank one case. The following properties of Brill-Noether loci
in rank one case is already mentioned in §6. We recall those results in a bit more detail for
the sake of completeness.
Theorem 6.16. Let d ≥ 1, r ≥ 0. Then
(1) ρr1,d ≥ 1⇒W
r
d is connected for any curve C and irreducible on the generic curve C.
(2) Let C be a generic curve. Then
(a) ρr1,d < 0⇒W
r
d is empty.
(b) ρr1,d ≥ 0 ⇒ W
r
d is non-empty, reduced , of pure dimension ρ
r
1,d and SingW
r
d =
W r+1d .
Proof. See [Gr-Bi, Theorem 3.3, 3.4 and 3.5; p. 6]. 
6.2. Brill-Noether loci in higher rank case. Now we assume n ≥ 2 and 0 ≤ d ≤ n, that
is µ(E) ≤ 1 for any E ∈ MsC(n, d) or E ∈MC(n, d). Then we have the following result due
to Brambila-Paz, Grzegorczyk and Newstead [Br-Gr-Ne].
Theorem 6.17. Let n ≥ 2 and 0 ≤ d ≤ n. Then
(1) W rn,d is non-empty if and only if d > 0, n ≤ d+(n−r−1)g and (n, d, r+1) 6= (n, n, n).
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(2) W rn,d is non-empty ⇒ W
r
n,d is irreducible, of dimension ρ
r
n,d and SingW
r
n,d =W
r+1
n,d .
(3) W˜ rn,d is non-empty if and only if either d = 0 and r + 1 ≤ n or d > 0 and n ≤
d+ (n− r − 1)g.
(4) W˜ rn,d is non-empty ⇒ W˜
r
n,d is irreducible.
This result was later extended by Mercat ([Me1] and [Me2]) for µ(E) < 2.
6.3. Brill-Noether loci for large number of sections. Let us denote ρrn,d as in Definition
6.13 by ρ(n, d, r, g). Then we have the following theorem.
Theorem 6.18. Let d = mn + d1, r + 1 = tn + r1 with 0 ≤ r1 < n and 0 ≤ d1 < n. Also
let C be a generic curve. Then W rn,d is non-empty and has a component of right dimension,
namely minimum of ρ(n, d, r, g) and n2(g − 1) + 1, if the following holds.
(1) ρ(1, m− 1, t, g − 1) ≥ 0 if r1 > d1
(2) ρ(1, m, t, g − 1) ≥ 0 if 0 6= r1 ≤ d1
(3) ρ(1, m− 1, t− 1, g − 1) ≥ 0 if r1 = 0.
The above result is also true for W˜ rn,d if either d1 6= 0 or the number ρ is strictly positive in
(1), (2) or (3).
Proof. See [Bg, Theorem 1; p. 386]. 
Remark 6.19. When the Brill-Noether loci have a large number of sections, that is, r+1 > n,
the conditions of the above theorem are probably close to being the best possible for existence
of a component of right dimension.
7. Main theorems, when the rank is two
We want to give some relations amongst the Brill-Noether loci inMC(2, d). In our context
we fix degree d to be 2(g − 1).
In this case, Sundaram ([Su]) proved that W˜ 02,2(g−1) is a divisor in MC(2, 2(g − 1)). We
give some relations between the cohomology classes of the Brill-Noether loci in terms of
cohomology class of W˜ 02,2(g−1).
Since the moduli spaces MC(2, 2(g− 1)) and SUC(2,L) are singular varieties, recall from
§4.3, that the cohomology classes are taken in the graded piece for the weight filtration on
the singular cohomology group H∗(MC(2, 2(g − 1)),Q) (resp. H∗(SUC(2,L),Q)).
Consider the map π∗ : J
ss ⊆ J4(g−1)(C˜) → MC(2, 2(g − 1)) as in (7). Note that as we
have taken d = 2(g − 1), therefore it follows from (6) that δ = 4(g − 1). Also from (4), we
have
δ = 4(g − 1) = {4(g − 1) + 1} − 1 = g˜ − 1.
Hence we have the theta divisor Θ :=W 04(g−1)(C˜) in J4(g−1)(C˜). Following theorem says that
the theta divisor of C˜ intersects both Jss and its complement in J4(g−1)(C˜).
Theorem 7.1. The theta divisor of J4(g−1)(C˜), denoted by Θ, does not lie inside the com-
plement of Jss in J4(g−1)(C˜). More precisely,
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(1) For any point l ∈ J4(g−1)(C˜)−Θ, π∗(l) is semistable.
(2) There is a point ξ ∈ Θ such that π∗(ξ) is semistable.
Proof. See [BNR, Proposition 5.1; p. 176]. 
Moreover we have that pullback of the divisor W˜ 02,2(g−1) ofMC(2, 2(g−1)) is the restriction
of Θ to Jss.
Theorem 7.2. Let us denote the restriction of Θ to Jss by Θ |Jss. Then
π−1∗ (W˜
0
2,2(g−1)) = Θ |Jss .
Proof. See [Bg-Tu, Lemma 6; p. 335]. Also follows directly from the fact that H0(C˜, l) =
H0(C, π∗l). 
We now revisit Theorem 6.18 in this context. Then the following theorem gives some
sufficient conditions for the Brill-Noether loci in MC(2, 2(g − 1)) to be non-empty. For the
rest of the section, we will assume that any one of these conditions holds.
Theorem 7.3. Let r + 1 = tn + r1 with 0 ≤ r1 < n. Then W˜
r
n,d is non-empty and has a
component of right dimension, namely minimum of ρ(2, 2(g − 1), r, g) and 4(g − 1) + 1, if
the following holds.
(1) ρ(1, g − 2, t, g − 1) > 0 if r1 > 0
(2) ρ(1, g − 1, t, g − 1) > 0 if r1 < 0
(3) ρ(1, g − 2, t− 1, g − 1) > 0 if r1 = 0.
Proof. Follows directly from Theorem 6.18. 
Now we want to check whether Theorem 7.1 and 7.2 hold for other Brill-Noether subva-
rieties of higher codimension. By (5), we have
π−1∗ (W˜
r
2,2(g−1)) =W
r
2(g−1) |Jss .
Apriori, it is not clear whether W r2(g−1) lies inside the complement of J
ss or not, that is even
if W˜ r2,2(g−1) is non-empty, its inverse image W
r
2(g−1) |Jss could be empty when r > 0. (This
question will be treated in the next subsection). However for our purpose, it will suffice to
consider a scheme S to give relations between Brill-Noether subvarieties ofMC(2, 2(g− 1)).
We can construct a scheme S with the following properties.
(1) S is a smooth projective variety.
(2) There exists a birational morphism φ : S → J4(g−1)(C˜) and a generically finite mor-
phism ψ : S →MC(2, 2(g − 1)).
(3) φ : φ−1(Jss)→ Jss is an isomorphism.
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(4) The following diagram is commutative.
S
φ
zz✈✈
✈✈
✈✈
✈✈
✈
ψ
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
J4(g−1)(C˜) pi∗
//❴❴❴❴❴❴❴ MC(2, 2(g − 1))
(16)
Moreover this diagram is commutative whenever the domains of the involved rational
maps are chosen properly. In particular, we have the following commutative diagram.
φ−1(Jss)
φ
∼=
zz✈✈
✈✈
✈✈
✈✈
✈
ψ
((PP
PPP
PPP
PPP
P
Jss
pi∗
//MC(2, 2(g − 1))
Then we have the following diagram.
C˜ × S
id×φ

pi×id
// C × S
id×ψ

// S
ψ

C˜ × J4(g−1)(C˜) pi×pi∗
//❴❴❴❴❴❴ C ×MC(2, 2(g − 1)) //MC(2, 2(g − 1))
Let us denote by Js the following set.
Js := {l ∈ Jδ(C˜) | π∗l ∈M
s
C(2, 2(g − 1))}.
Define S0 := φ
−1(Js). Then we have the following lemma:
Lemma 7.4. ψ−1(W˜ r2,2(g−1)) ∩ S0 = φ
−1(W r2(g−1)(C˜)) ∩ S0.
Proof. If P is a Poincare´ bundle over C˜×J4(g−1)(C˜), then the morphism S0 →MC(2, 2(g−1))
is induced by the family (π × id)∗((id× φ)
∗P)|C×S0. Now by Lemma 6.6 we get that
W rS,(id×φ)∗P ∩ S0 =W
r
S,(pi×id)∗((id×φ)∗P) ∩ S0.
The Lemma 6.15 then implies
W rS,(pi×id)∗((id×φ)∗P) ∩ S0 = ψ
−1W˜ r2,2(g−1)
and Lemma 6.5 implies
W rS,(id×φ)∗P ∩ S0 = φ
−1W r2(g−1)(C˜) ∩ S0.
Hence we get
ψ−1(W˜ r2,2(g−1)) ∩ S0 = φ
−1(W r2(g−1)(C˜)) ∩ S0.

Hence we obtain the following:
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Lemma 7.5. We have the equality of the closures
ψ−1(W˜ r2,2(g−1)) ∩ S0 = φ
−1(W r2(g−1)(C˜)) ∩ S0
of a component of Brill-Noether loci on S. In particular, of the corresponding cohomology
classes in H∗(S,Z).
Denote this component WrS , in S.
7.1. Poincare´ type relations on moduli spaces. Assume that C is a general smooth
projective curve and C˜ → C is a general smooth spectral curve, which is a double ramified
covering of C. We denote
grW∗ H
∗(X,Q) = ⊕igr
W
2iH
2i(X,Q).
the associated graded ring (for the weight filtration) of the even degree cohomology of the
singular moduli spaces X =MC(2, 2(g − 1)) and SUC(2,L) (for L ∈ J2(g−1)(C)), see §4.3.
We start with the following lemma.
Lemma 7.6. The divisor classes on J4.(g−1)(C˜) descend to the moduli spaceMC(2, 2(g−1))
via the above diagram (16).
Proof. Recall from [BNR, Proposition 5.7] a commutative diagram:
P ′ × Jg−1(C) → J4(g−1)(C˜)
↓ ↓ π∗
SUC(2)× Jg−1(C) → MC(2, 2(g − 1)).
Here P ′ is the Prym variety associate to the covering C˜ → C and SUC(2) is a fixed deter-
minant (of degree 2(g − 1)) moduli space. Furthermore, it is shown that the indiscrepancy
loci of the dominant rational map π∗ has codimension at least two and the same is true
when restricted to P ′. The proof of loc.cit. implies that the polarisations on P ′ and Jg−1(C)
descend on the moduli space MC(2, 2(g − 1)). By functoriality, via the diagram (16), the
divisor classes descend on MC(2, 2(g − 1)).

We now show the following.
Theorem 7.7. The cohomology class of a Brill Noether loci on the moduli spaceMC(2, 2(g−
1)) can be expressed as a polynomial on divisor classes. In particular, the tautological algebra
generated by the Brill-Noether loci is generated by the divisor classes.
Proof. Recall the morphisms
φ : S → J4(g−1)(C˜)
and
ψ : S →MC(2, 2(g − 1)).
TAUTOLOGICAL CLASSES 21
Now φ is a birational morphism and let E ⊂ S be the exceptional loci, and ψ is a generically
finite morphism. Hence, we have the following equalities of cohomology rings:
H∗(S,Q) = H∗(J4(g−1)(C˜),Q)⊕H
∗(E,Q)
and an inclusion of rings (see Lemma 4.6):
grW∗ H
∗(MC(2, 2(g − 1),Q) →֒ H
∗(S,Q).
By Theorem 5.8, the cohomology class of the Brill-Noether loci W r1,d(C˜) ⊂ J4(g−1)(C˜) is a
polynomial expression on the divisor classes inH∗(J4(g−1)(C˜)). This implies that inH
∗(S,Q),
the pullback of the cohomology class [W r1,d(C˜)] is the cohomology class of the Brill-Noether
loci W rS ⊂ S and it is a polynomial expression on the pullback of the divisor classes on
J4(g−1)(C˜).
By Lemma 4.6, [W rS] corresponds to an element of the operational Chow group of the
moduli space MC(2, 2(g − 1), whose cycle class has image in gr
W
∗ H
∗(MC(2, 2(g − 1)),Q).
Using Lemma 7.5, Lemma 7.6 and the above inclusion of rings, we deduce that the co-
homology class of the Brill-Noether loci in grW∗ H
∗(MC(2, 2(g − 1)),Q) is expressible as a
polynomial on the divisor classes. 
Consider the determinant morphism
det :MC(2, 2(g − 1))→ J2(g−1)(C).
The inverse image det−1(L) is the moduli space SUC(2,L), for a line bundle L on C of degree
2(g − 1). Denote the Brill-Noether loci
W r,L2,2(g−1) := W˜
r
2,2(g−1) ∩ SUC(2,L).
Corollary 7.8. 1) The cohomology class of a Brill-Noether loci in the moduli space SUC(2,L)
is expressible in terms of a power of the Theta divisor, with rational coefficients. In particular
the tautological algebra is generated by the theta divisor Θ.
2) If the Brill-Noether number is non-negative, then the cohomology classes are non-trivial
and imply the non-emptiness of the corresponding loci.
Proof. 1) Consider the inclusion:
j : SUC(2,L) →֒ MC(2, 2(g − 1)).
The pullback map on the cohomology ring
j∗ : grW∗ H
∗(MC(2, 2(g − 1),Q)→ gr
W
∗ H
∗(SUC(2,L),Q)
is a ring homomorphism. By Theorem 7.7, the cohomology class of the Brill-Noether loci
is a polynomial expression on the divisor classes on SUC(2, 2(g − 1)). The Picard group
of SUC(2, 2(g − 1)) is generated by the Theta divisor Θ. This gives the relation, for any
irreducible component:
[W r,L2,2(g−1)] = α.[Θ]
t(r) ∈ grW∗ H
∗(SUC(2,L),Q)
for some α ∈ Q and t(r) is the codimension of an irreducible component of Brill-Noether
loci.
22 C. GANGOPADHYAY, J. N. IYER, AND A. MUKHERJEE
2) Using Theorem 5.5 a), we obtain that the dimension of every component of the Brill-
Noether loci on J4(g−1)(C˜) is at least the expected dimension. This implies that the corre-
sponding cohomology class is non-zero in H∗(J4(g−1)(C˜),Z). In turn, the same is true for the
pullback class on S, which further descends as a non-zero class onMC(2, 2(g−1)) (see proof
of Theorem 7.7). This implies the non-emptiness of the Brill-Noether loci on the moduli
spaces, whenever the expected dimension is non-negative.

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